Rules for integrands involving piecewise linear functions

1: ju'" dx when dyu == ¢

Derivation: Integration by substitution
BaS|S: |f OxU = C, then um == %u’“ oy u

Rule: If a.u = ¢, then

1
Ju"‘ dx — — Subst[jx"‘ dx, X, u]
c

Program code:

Int[u_"m_.,x_Symbol] :=
With[{c=Simplify[D[u,x]]},
1/c*Subst [Int[x*m,x],x,u]] /;

FreeQ[m,x] && PiecewiselLinearQ[u,x]



Rules for integrands involving piecewise linear functions

2: ju'"v"dlx when o,u==a A ,v==b A bu-av#0
vn
1. J—dlx when 8yu==a A 8yv==b A bu-av#0
u
vn
1. J—dlx when d,u==a A 9yv==b A bu-av#0 An>0
u

\"
1: J—dlx when d,u==a A d,v==b A bu-avz0
u

Derivation: Piecewise linear recurrence 2 withm = -1andn =1
Derivation: Inverted integration by parts

Rule:If Oyu=a A Oyv=b A bu-av #0,then

\% bx bu-av (1
f—dlx—»—— j—dlx
u a a u

Program code:

Int[v_/u_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]},
bxx/a - (bxu-axv)/a*xInt[1/u,x] /;
NeQ[bxu-axv,0]] /;

PiecewiseLinearQ[u,v,x]



Rules for integrands involving piecewise linear functions

vn
2: j—dlx when 6yu==a A ,Vv==b Abu-av#£0 An>0 An#l
u

Derivation: Piecewise linear recurrence 2 withm = -1
Derivation: Inverted integration by parts

Rule:lf Oyu=a A Oyv=b Abu-av+0 An>0 A n+1,then

n n-1

V" \' bu-av Vv
j—dlx—» — - J- dx
u an a u

Program code:

Int[v_"n_/u_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]1},
vAn/ (axn) - (bxu-axv)/axInt[v”(n-1)/u,x] /;

NeQ[bxu-axv,0]] /;
PiecewiselLinearQ[u,v,x] && GtQ[n,0] && NeQ[n,1]



Rules for integrands involving piecewise linear functions

vn
2. J—dlx when 8,u==a A d,v==b A bu-av#0 A n<o
u

1
1: — dx when 64u==a A 3,v==b A bu-av#0
uv

Derivation: Algebraic expansion and piecewise constant extraction

Basis: L .. b _1__=2 1
: uv -

bu-av v bu-av u

Basis: If Oxu==a A Oyv=b A bu-av #0,thensg,—2— =0

bu-av

Rule:If Oyu=a A Oxyv=b A bu-av # 0,then

1 b 1 a 1
— dx — J—dlx— j—d]x
uv bu-avJv bu-avJu

Program code:

Int[1/ (u_%v_),x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]1},
b/ (bxu-axv) *Int[1/v,x] - a/(bxu-a*v)*Int[1/u,x] /;
NeQ[bxu-axv,0] ] /5
PiecewiselLinearQ[u,Vv,Xx]



Rules for integrands involving piecewise linear functions

dx when dyu==a A 8yVv==b A bu-av#0

2.f

u
1 bu-av
1:.[ dx when 8yu==a A 8yV==b Abu-av#@ A —— >0
a
uvv

Vv

Rule:Ifoyu==a A OxyV==b Abu-av+0 A bu;ﬂ>e,then

Program code:

Int[1/ (u_»Sqrt[v_]),x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]},
2xArcTan[Sqrt[v] /Rt[ (bxu-axv) /a,2]]/ (a*xRt[ (bxu-axv) /a,2]) /;

NeQ[b+u-axv,8] & PosQ[ (bxu-axv)/a]] /;

PiecewiselLinearQ[u,Vv,Xx]

1 2
dx — —ArcTan[
u v a ’bu—av '
a

\"

bu-

av

a

]



Rules for integrands involving piecewise linear functions

) 1 bu-av
2: dx when axu==aAaxv==b/\bu—av¢0/\-(T>e)
uvv

Rule:If Oyu==a A OxyV==b Abu-av+0 A - (t’”;ﬂ>@),then

Program code:

Int[1/ (u_»Sqrt[v_]),x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]1},
-2xArcTanh [Sqrt[v] /Rt[- (bxu-axVv) /a,2]]/ (a*Rt[- (bxu-axv) /a,2]) /;

NeQ[bxu-axv,8] & NegQ[ (bxu-axv)/a]] /;

PiecewiselLinearQ[u,v,Xx]

bu-av

1 2
dx » -—mmm ArcTanh[—
u v a _bu-av
\' a \’



Rules for integrands involving piecewise linear functions

vn
3: j—dlx when 8yu==a A 8,v==b A bu-av#0 A n<-1
u

Derivation: Piecewise linear recurrence 3 withn = -1
Derivation: Integration by parts

Rule:If Oyu=a A Oxyv=b Abu-av+0 A n< -1,then

n+l

vt v+t a(n+1) %
J-—dlx—) - j dx
u (n+1) (bu-av) (n+1) (bu-av) u

Program code:

Int[v_"n_/u_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]},
VA (n+1) / ((n+1) % (bxu-axv)) -

a*x (n+1) / ((n+1) * (bxu-axv) ) *Int [v” (n+1) /u,x] /;
NeQ[bxu-axv,0]] /;
PiecewiselLinearQ[u,v,x] && LtQ[n,-1]



Rules for integrands involving piecewise linear functions

Vn
3: J—dlx when 6yu==a A ,v==b A bu-av#0 An¢z
u

Rule:If Oyu=a A Oyv=b A bu-av+0 A ng¢Zz,then

vn
J— dx —
u (n+1)

vn+1

Hypergeometric2F1 [1, n+1, n+2, -
(bu-av)

vy

bu-av

Program code:

Int[v_”"n_/u_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]1},
VA (n+1) / ((n+1) * (bxu-axv) ) xHypergeometric2F1[1,n+1,n+2,-axv/ (bxu-axv)] /;
NeQ[bxu-axv,8]] /;
PiecewiselLinearQ[u,v,x] && Not[IntegerQ[n]]

1
2. j—dlx when d,u==a A 8,v==b A bu-av+0
Vu Vv

1
1: j—dlx when dyu==a A 9yv==b Abu-av#0 A ab>0
Vu Vv

Rule:If Oyu=a A Oxyv=b A bu-av+0 A ab > 0,then

1 2 Vab Vu
J— dx — Ar‘cTanh[—]
Vu Vv Vab avv

Program code:

Int[1/ (Sqrt[u_]*Sqrt[v_]),x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]1},
2/Rt[a*b,2] xArcTanh[Rt[axb,2] x*Sqrt[u]/ (a*Sqrt[v])] /;

NeQ[bxu-a+v,@] && PosQ[axb]] /;

PiecewiseLinearQ[u,v,Xx]
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dx when 8yu==a A &yVv==b A bu-av#0 A - (ab>9)

2: JWW

Rule:If Oyu=a A Oyv=b Abu-av+0 A - (ab>0),then

1 2 V-ab Vu
J— dx — ArcTan[—]
Vu Vv V-ab avv

Program code:

Int[1/ (Sqrt[u_]=*Sqrt[v_]) ,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]1},
2/Rt[-axb,2] *xArcTan[Rt[-axb,2] *Sqrt[u]/ (a*Sqrt[v])] /;

NeQ[bxu-axv,@] && NegQ[axb]] /;

PiecewiselinearQ[u,Vv,Xx]

3: Ju’"v"dlx when d,u==a A yV==b Abu-av£0 Am+n+2=20 Am#-1

Derivation: Piecewise linear recurrence3withm+n+2 == 0

Rule:lf Oyu=a A Oy v=b Abu-av+#0 Am+n+2=0 Am+ -1, then

um+1 Vn+1

ju’"v“dlx — -
(m+1) (bu-av)

Program code:

Int[u_~m_xv_"n_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]1},
—u” (m+1) *v~ (n+1) / ((m+1) * (bxu-axv)) /;

NeQ[bxu-axv,0]] /;

FreeQ[{m,n},x] && PiecewiselLinearQ[u,v,x] &% EqQ[m+n+2,0] && NeQ[m,-1]
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4: Ju"‘v"dlx when 8,u==a A yVv==b A bu-av#£0 Am<-1 An>0

Derivation: Piecewise linear recurrence 1
Derivation: Integration by parts
Rule:If Oyu==a A OyVv=b Abu-av+0 Am+n+2+0 Am< -1 A n>0,then

u™tyn bn A
ju"‘ vidx — - Ju’“* vt dx
a(m+1) a(m+1)

Program code:

Int[u_"m_xv_"n_.,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]1},
u® (m+1) *v~An/ (ax (m+1)) -
bxn/ (a* (m+1) ) *Int [u” (m+1) v~ (n-1) ,x] /;
NeQ[b*u—a*v,O]] /5
FreeQ[{m,n},x] && PiecewiseLinearQ[u,v,x] (* &% NeQ[m+n+2,0] *) &% NeQ[m,-1] && (
LtQ[m,-1] && GtQ[n,@] && Not[ILtQ[m+n,-2] & (FractionQ[m] || GeQ[2xn+m+1,0])] ||
IGtQ[n,0] && IGtQ[m,0] && LeQ[n,m] ||
(* ILtQ[n,0] && ILtQ[m,0] && LeQ[n,m] || =*)
IGtQ[n,0] && Not[IntegerQ[m]] ||
ILtQ[m,0] && Not[IntegerQ[n]])

5: Ju’“v"dlxwhenaxu:a AOxV=b Abu-av@ Am+n+2#0@ An>0 Am+n+1#0

Derivation: Piecewise linear recurrence 2
Derivation: Inverted integration by parts

Rule:lf Oyu=a A Oy v=b Abu-av#0 Am+n+2+0 An>0 Am+n+1+0,then



Rules for integrands involving piecewise linear functions

m+1l \,n

mon u™*tv
u v dx — -
a(m+n+1)

Program code:

Int[u_”~m_xv_"n_.,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]1},
u” (m+1) *v~n/ (a* (m+n+l)) -
nx (bxu-axv) / (ax (m+n+1) ) *Int [u*m*v” (n-1) ,x] /;

NeQ[bxu-axv,0]] /;

PiecewiseLinearQ[u,v,x] &% NeQ[m+n+2,0] && GtQ[n,0] &% NeQ[m+n+1,0] &%
Not [IGtQ[m,0] && (Not[IntegerQ[n]] || LtQ[O,m,n])] &&
Not [ILtQ[m+n,-2]]

Int[u_“m_xv_"n_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]},
u” (m+1) *v~n/ (a* (m+n+l)) -
nx (bxu-axv) / (a* (m+n+1) ) +Int [urmsv~Simplify[n-1],x] /;
NeQ[bxu-axv,0]] /;

PiecewiselLinearQ[u,v,x] && NeQ[m+n+1,0] && Not[RationalQ[n]] && SumSimplerQ[n,-1]

Ju"‘ vl dax

11
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6: Ju"‘v"dlx when oyu==a A &,v==b A bu-av#@ Am+n+2+#0 Am<-1

Derivation: Piecewise linear recurrence 3

Derivation: Integration by parts

um
Vm+2

Basis: u™ v" == yMN+2
Rule:If Oyu==a A Oyv==b Abu-av+0 Am+n+2+0 A m< -1,then

" g umd yn+l b (m+n+2) g
u"v'dx — - + u™ vt dx
j (m+1) (bu-av) (m+1) (bu—av)f

Program code:

Int[u_"m_xv_~n_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]1},
-u”® (m+1) *v~ (n+1) / ((m+1) * (bxu-a*v)) +
bx (m+n+2) / ((m+1) * (bxu-axv) ) *Int[u”® (m+1) *v*n,x] /;
NeQ[b*u—a*v,O]] /5
PiecewiselLinearQ[u,v,x] && NeQ[m+n+2,0] && LtQ[m,-1]

Int[u_“m_xv_"n_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]},
-u™(m+1) *v~A (n+1) / ( (Mm+1) = (bxu-axv)) +
bx (M+n+2) / ((M+1) » (bxu-a*v) ) »Int [urSimplify [m+1] »v n,x] /;
NeQ[bxu-axv,0]] /;
PiecewiselLinearQ[u,v,x] && Not [RationalQ[m] ] && SumSimplerQ[m,1]

7: Ju"‘v"dlx when ,u==a A OyV==b Abu-av£@ Am¢Z An¢z

Rule:lf Oyu=a A Oy v=b Abu-av++0 Ame¢Z A n¢Z,then
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um yn+t . av
u"v'dx — Hyper‘geometr‘chFl[—m, n+1l, n+2, - ]
b (n+1) (—b” )m bu-av

bu-av

Program code:
Int[u_~m_xv_"n_,x_Symbol] :=
With[{a=Simplify[D[u,x]],b=Simplify[D[v,x]]1},
umxv~ (n+1) / (b* (n+1) * (bxu/ (bxu-axv) ) ~m) xHypergeometric2F1[-m,n+1,n+2,-axv/ (bxu-axv)] /;

NeQ[bxu-axv,0]] /;
PiecewiselLinearQ[u,v,x] && Not[IntegerQ[m]] && Not[IntegerQ[n]]

3. Ju" (a+bx)"Log[a+bx] dx when d,u == ¢

1: ju" Log[a + bx] dx when 8,u==c A n>0

Derivation: Integration by parts

Basis: If Oxu == c, then s, (u"Log[a+bx]) = ab:"x +cnu™!Log[a+bx]

Rule: If 6xu = c A n > 0, then

u" (a+bx) Log[a+bx]
b

ch
Ju" Log[a+bx] dx — Ju" dx - Tju"'l (a+bx) Log[a+bx] dx

Program code:

Int[u_”~n_.xLog[a_.+b_.*x_],x_Symbol] :=
With[{c=Simplify[D[u,x]]},
unx (a+b*x) xLog[a+bxx] /b -
Int[u®n,x] -
c*n/b*Int[u"(n—l)*(a+b*x)*Log[a+b*x],x]] /5
FreeQ[{a,b},x] & PiecewiseLinearQ[u,x] && Not[LinearQ[u,x]] && GtQ[n,@]
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2. Ju" (a+bx)"Log[a+bx] dx when é,u-=c

u" Log[a + b x]
X: J—dlx when 6,u=¢c A n>0

a+bx

Derivation: Integration by parts with a double-back flip

Basis: If Oxu == ¢, then 8 (u"Log[a+bx]) = &%=+ cnu"?!Log[a+bx]

a+b x

Rule: If Oyu = c A n > 0, then

u" Log[a + b x] u" Log[a + bx]?
[eresierba gl ?

a+bx 2b

Program code:

(* Int[u_”~n_.xLog[a_.+b_.*x_]/(a_.+b_.*x_),x_Symbol] :=
With[{c=Simplify[D[u,x]]},
u*nxLog[a+bxx]"2/ (2xb) -
cxn/ (2xb) *Int[ur (n-1) xLog[a+bxx]1"2,x]] /;
FreeQ[{a,b},x] && PiecewiselLinearQ[u,x] && GtQ[n,0] =x)

cn
- —J-u"'l Log[a + bx]%dx
2b

14
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2: Ju" (a+bx)"Log[a+bx]dx when 6,u==c An>0 A m#-1

Derivation: Integration by parts

Basis: If Oxu == c, then s, (u"Log[a+bx]) = abznx +cnu™llog[a+bx]

Rule:If Oyu=c A n>0 A m+ -1,then

ju" (a+bx)"Log[a+bx]dx —

u" (a+bx)™!Log[a+bx 1
( ) gl ] - Ju" (a+bx)"dx -
b (m+1) m+1

—————:fWJ(a+bxW“Logp+bx]dx
b (m+1)

Program code:

Int[u_”n_.*(a_.+b_.*x_)”"m_.xLog[a_.+b_.*x_],x_Symbol] :=
With[{c=Simplify[D[u,x]]},
urns* (a+bxx) A (m+1) xLog [a+bxx] / (bx (m+1)) -
1/ (m+1) *Int [u”n* (a+bxx) *m,x] -
cxn/ (bx (m+1) ) *Int [u” (n-1) » (a+b*x) ~ (m+1) xLog[a+b*X] ,x]] /8
FreeQ[{a,b,m},x] & PiecewiseLinearQ[u,x] && Not[LinearQ[u,x]]| && GtQ[n,@] & NeQ[m,-1]
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